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Abstract
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1 Introduction

Traditionally in maximum likelihood models, one of the trio of Wald, likelihood ratio, and La-

grange multiplier test statistics is used to test a hypothesis. However, in many cases such as in

rational expectations models, since the disturbances are serially correlated and heteroskedas-

tic in complicated ways, the computational burden of maximum likelihood is enormous. This

motivates the development of the Distance Metric (DM) test statistic (Newey and West, 1987;

Newey and McFadden, 1994). Generally, the DM test statistic allows for autocorrelation and

heteroskedasticity of possibly unknown forms, and it does not require any assumptions for

the distribution of the data.

Exact finite-sample probability distributions of test statistics are available in convenient

form only for simple functions of the data and when the likelihood function is completely

specified, however, these conditions are often not satisfied in econometrics and inference is

based on approximations (Rothenberg, 1984). Among various methods of approximation,

asymptotic expansion is a popular one. There are two well-known methods for obtaining

higher-order approximate distribution functions based on Fourier inversion of the approximate

characteristic function: Edgeworth approximation and Saddlepoint approximation. Since the

latter requires knowledge of the cumulant function which is rare in econometric applications,

Edgeworth approximation becomes a common method.

Asymptotically, the DM test statistic has a chi-squared distribution (Newey and McFadden,

1994, page 2226). In practice, however, this is infeasible because the sample size is finite. It is

expected that after Edgeworth expansion, the distribution of the corrected DM test statistic

is closer to a chi-squared distribution than the uncorrected one.

Based on the results of Phillips and Park (1988) and Hansen (2006), the present paper

derives the Edgeworth expansion of the DM test statistic and further derives the Edgeworth

approximation of its distribution. Phillips and Park (1988) investigate the Wald test of non-

linear restrictions, and some of their formulae for the asymptotic expansion of the distribution

of the Wald statistic can be used in our expansion. To our knowledge, Hansen (2006) is the

only expansion of the DM test statistic in the existing literature. The results obtained by

Hansen (2006) are for nonlinear restrictions, and the number of hypothesis restrictions is one.

Besides, the expansion in Hansen (2006) is for only one specific model (linear regression),

which strongly limits its application. Our results can be viewed as complementary to both

Phillips and Park (1988) and Hansen (2006) in that they apply to both nonlinear and linear

restrictions, furthermore, they cover broader test hypotheses and apply to various models
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and multiple restrictions. However, they are applicable only to moment conditions which are

nonlinear in parameters.

The main theoretical results are stated in Section 2, illustrative simulations are performed

in Section 3, and an empirical illustration is presented in Section 4. Some brief conclusions

are given in Section 5.

2 Asymptotic Expansions for the Distribution of the

DM Test Statistic

For a family of distributions {Pθ, θ ∈ Θ ⊂ Rp, Θ compact}, suppose there is a test

H0 : g(θ)
r×1

= 0,

H1 : g(θ) 6= 0,

(2.1)

where g : Rp → Rr. Assume g(θ) is continuously differentiable, then the first derivative of

g(θ) can be defined as

A(θ)
p×r

≡ dg(θ)

dθ
=

dvec′g(θ)

dθ
, (2.2)

where the second equality follows definition 1.4.1 of Kollo and Rosen (2005) and vec denotes

vertical vectorization of a matrix. Denote A = A(θ0).

Let θ̄N and θ̂N be the constrained and unconstrained generalized method of moments

(GMM) estimators (Hansen, 1982) of θ0 respectively:

θ̄N = arg max
θ∈Θ

QN(θ), subject to g(θ) = 0,

θ̂N = arg max
θ∈Θ

QN(θ),

where

−QN(θ) ≡ 1

2
m′

N(θ)W−1
N mN(θ) (2.3)

with mN(θ)
m×1

≡ 1
N

N∑
i=1

m(Zi, θ) the sample moment function and WN a positive definite sym-

metric matrix. Define the covariance matrix of the moments

W
m×m

≡ E[m(Zi, θ0)m
′(Zi, θ0)].
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Efficient weighting of a given set of m moments requires

WN
p−→ W.

Then, the DM test statistic is defined (Newey and McFadden, 1994, page 2222) as

DMN ≡ −2N [QN(θ̄N)−QN(θ̂N)]. (2.4)

We want to derive the Edgeworth approximation of the distribution of the DM test statis-

tic. In order to do so, the DM test statistic needs to be expanded first. If the expanded DM

test statistic is a function of some variates with known densities, then it is straightforward to

obtain the characteristic function of the DM test statistic. The distribution of the DM test

statistic will be derived using a Fourier transform.

2.1 Expansion for the DM Test Statistic

We expand the test statistic using the Taylor expansion of a vector function, which is stated

in Lemma 2.1.

Lemma 2.1. Let {xn} and {εn} be sequences of random p-vectors and positive numbers,

respectively, and let xn − x0 = op(εn), where εn → 0 as n → ∞. If the function f(x) from

Rp to Rs has continuous partial derivatives up to the order (n + 1) in a neighborhood D of a

point x0, then the function f(x) can be expanded at the point x0 into the Taylor series

f(x) = f(x0) +
m∑

k=1

1

k!

(
Is ⊗ (x− x0)

⊗(k−1)
)′ (dkf(x)

dxk

)′

x=x0

(x− x0) + o(ρm(x, x0)),

where the Kroneckerian power A⊗k for any matrix A is given by A⊗k = A⊗ · · · ⊗ A︸ ︷︷ ︸
k times

with

A⊗0 = 1, ρ(., .) is the Euclidean distance in Rp, and the matrix derivative for any matrices Y

and X is given by dkY
dXk = d

dX

(
dk−1Y
dXk−1

)
with dY

dX
≡ dvec′Y

dvecX
; and

f(xn) = f(x0) +
m∑

k=1

1

k!

(
Is ⊗ (xn − x0)

⊗(k−1)
)′ (dkf(xn)

dxk
n

)′

xn=x0

(xn− x0) + op(ε
m
n ). (2.5)

See Appendix A for all proofs that are not given in the main text.

4



Assume the moment function in (2.3) is three-times continuously differentiable, then its

first, second and third derivatives can be defined as

GN(θ)
p×m

≡ dm′
N(θ)

dθ
,

DN(θ)
p×pm

≡ dvec′GN(θ)

dθ
,

CN(θ)
p×p2m

≡ dvec′DN(θ)

dθ
.

Denote G = E[G(θ0)], D = E[D(θ0)], and C = E[C(θ0)]. Note that G is the transpose of the

Jacobian matrix defined on page 2216 of Newey and McFadden (1994). The process of taking

derivatives here follows Definition 1.4.1 of Kollo and Rosen (2005), which facilitates Taylor

expansions for vector functions.

For simplicity, set W = I, where I is an identity matrix. Note that this could always be

done by standardizing transformations, i.e., assuming W is known and pre-multiplying the

moments by W−1/2 to standardize. After such standardization, GN(θ), DN(θ) and CN(θ) are

changed accordingly, the GMM quadratic form (2.3) becomes

−QN(θ) ≡ 1

2
m′

N(θ)mN(θ), (2.6)

the DM test statistic in (2.4) becomes

DMN = N [m′
N(θ̄N)mN(θ̄N)−m′

N(θ̂N)mN(θ̂N)], (2.7)

and a central limit theorem implies

−
√

NmN(θ0) ≡ q̄N
d−→ q̄

m×1
∼ N(0, I). (2.8)

Also, we have (Newey and McFadden, 1994, page 2219)

√
N(θ̂N − θ0) = B−1Gq̄N + op, (2.9)

√
N(θ̄N − θ̂N) = −HGq̄N + op, (2.10)

where

B−1 = (GG′)−1

is the asymptotic covariance of θ̂N , and

H
p×p

≡ B−1A(A′B−1A)−1A′B−1.
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By Lemma 2.1, Taylor expansion of mN(θ̄N) about θ̂N to the second order yields

mN(θ̄N) = mN(θ̂N) + G′
N(θ̂N)(θ̄N − θ̂N) +

1

2
[Im ⊗ (θ̄N − θ̂N)′]D′

N(θ̂N)(θ̄N − θ̂N) + op.

Substituting this into (2.7) and using (2.10) together with the unconstrained first-order con-

dition

G(θ̂N)mN(θ̂N) = 0

give

DM = q̄′G′HGN(θ̂N)G′
N(θ̂N)HGq̄

+ m′
N(θ̂N)(Im ⊗ q̄′G′H)D′

N(θ̂N)HGq̄

−N−1/2q̄′G′HGN(θ̂N)(Im ⊗ q̄′G′H)D′
N(θ̂N)HGq̄

+
1

4
N−1q̄′G′HDN(θ̂N)(Im ⊗HGq̄)(Im ⊗ q̄′G′H)D′

N(θ̂N)HGq̄ + op.

(2.11)

The functions of θ̂N in (2.11) need to be expanded at θ0. In order to use Lemma 2.1, it is

necessary to do some transformations. The transformations are needed so that we can apply

the Taylor representation of Lemma 2.1 to matrix functions GN(θ̂N) and DN(θ̂N). Note that

G′
N(θ̂N)HGq̄ and D′

N(θ̂N)HGq̄ are vectors. Thus, using

vec(ABC) = (C ′ ⊗ A)vecB,

(A⊗B)′ = A′ ⊗B′,

we obtain

q̄′G′HGN(θ̂N) = vec′GN(θ̂N)(Im ⊗HGq̄),

D′
N(θ̂N)HGq̄ = (Ipm ⊗ q̄′G′H)vecDN(θ̂N).

Then, (2.11) becomes

DM = vec′GN(θ̂N)M1vecGN(θ̂N)

+ m′
N(θ̂N)M2vecDN(θ̂N)

−N−1/2vec′GN(θ̂N)M3vecDN(θ̂N)

+ N−1 1

4
vec′DN(θ̂N)M4vecDN(θ̂N) + op,

(2.12)
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where

M1 = (Im ⊗HGq̄)(Im ⊗ q̄′G′H), (2.13)

M2 = Im ⊗ q̄′G′H⊗ q̄′G′H, (2.14)

M3 = (Im ⊗HGq̄)(Im ⊗ q̄′G′H⊗ q̄′G′H), (2.15)

M4 = Im ⊗HGq̄q̄′G′H⊗HGq̄q̄′G′H. (2.16)

Substituting Taylor expansions of mN(θ̂N), vecGN(θ̂N) and vecDN(θ̂N) about θ0 into (2.12)

gives the asymptotic expansion of the DM test statistic, which is summarized in the following

theorem.

Theorem 2.2. The asymptotic expansion up to the second order of the DM test statistic is

given by

DM = q̄′P q̄ + N−1/2u(q̄) + N−1v(q̄) + op, (2.17)

where

P
m×m

≡ G′HG, (2.18)

u(q̄) = u1(q̄) + u2(q̄) + u3(q̄), (2.19)

v(q̄) = v1(q̄) + v2(q̄) + v3(q̄) + v4(q̄), (2.20)

with ui(q̄) (i = 1, 2, 3) and vi(q̄) (i = 1, 2, 3, 4) specified as

u1(q̄) = 2q̄′G′B−1DM1vecG, (2.21)

u2(q̄) = q̄′(G′B−1G− Im)M2vecD, (2.22)

u3(q̄) = −vec′GM3vecD; (2.23)

v1(q̄) = q̄′G′B−1DM1D
′B−1Gq̄ + q̄′G′B−1C(Ipm ⊗B−1Gq̄)M1vecG, (2.24)

v2(q̄) = q̄′(G′B−1G− Im)M2C
′B−1Gq̄ +

1

2
q̄′G′B−1D(Im ⊗B−1Gq̄)M2vecD, (2.25)

v3(q̄) = −q̄′G′B−1CM ′
3vecG− q̄′G′B−1DM3vecD, (2.26)

v4(q̄) =
1

4
vec′DM4vecD. (2.27)

By the theorem for the distribution of an idempotent quadratic form in a standard normal

vector (Greene, 2003), it can be seen from (2.17) that asymptotically the DM test statistic

has a chi-squared distribution. This is consistent with Newey and McFadden (1994).
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2.2 Expansion for the Distribution of the DM Test Statistic

We wish to use the results of Phillips and Park (1988) to derive the Edgeworth expansion of

the distribution of the DM test statistic. In order to do so, it is necessary to rewrite u(q̄) and

v(q̄) in Theorem 2.2 into appropriate forms, which is summarized in the following lemma.

Lemma 2.3. u(q̄) and v(q̄) in Theorem 2.2 could be rewritten as

u(q̄) = vec′J(q̄ ⊗ q̄ ⊗ q̄), (2.28)

v(q̄) = tr[L(q̄q̄′ ⊗ q̄q̄′)], (2.29)

where

vecJ = vecJ1 + vecJ2 + vecJ3, (2.30)

with

vecJ1 = 2(G′HG⊗G′H⊗G′B−1)vecD, (2.31)

vecJ2 = [(G′B−1G− Im)⊗G′H⊗G′H]vecD, (2.32)

vecJ3 = −(G′HG⊗G′H⊗G′H)vecD; (2.33)

and

L = L1 + L2 + L3 + L4, (2.34)

with

L1 = (G′H⊗G′B−1)VD(HG⊗B−1G) + (G′H⊗G′B−1)MV (Im ⊗HG), (2.35)

L2 = (G′H⊗G′H)MV I +
1

2
(G′H⊗G′H)VD(B−1G⊗B−1G), (2.36)

L3 = −(G′H⊗G′H)MV (Im ⊗HG)− (G′H⊗G′H)VD(HG⊗B−1G), (2.37)

L4 =
1

4
(G′H⊗G′H)VD(HG⊗HG), (2.38)

where VD, MV and MV I are given in Appendix A.

We can now apply the results on page 1069-p1072 of Phillips and Park (1988) (see also

Hansen, 2006, Theorem 3) to obtain the following theorem:
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Theorem 2.4. The asymptotic expansion up to O(N−1) of the distribution of the DM test

statistic as N →∞ is given by

FDM(x) = Fr

(
x−N−1(α1x + α2x

2 + α3x
3)

)
+ o(N−1) (2.39)

where r denotes the rank of the projection matrix P in (2.18), Fr denotes the distribution

function of a χ2
r variate and where

α1 = (4a1 − b2)/4r, (2.40)

α2 = (4a2 + b2 − b3)/4r(r + 2), (2.41)

α3 = b3/4r(r + 2)(r + 4), (2.42)

with ai (i = 1, 2) and bi (i = 1, 2, 3) defined in Appendix A, in calculation of which L and

vecJ are from (2.34) and (2.30) respectively.

From (2.39), a correction factor to O(N−1) is derived:

1−N−1(α1 + α2DM + α3DM2) (2.43)

where DM denotes the DM test statistic. This correction factor is a function of the un-

corrected DM test statistic. Therefore, the correction is not a ’Bartlett correction’ in the

classical sense. It is called Bartlett-type correction (Cribari-Neto and Cordeiro, 1996). It is

obvious that asymptotically the distribution of the uncorrected DM test statistic matches the

distribution of the corrected one because the second term in (2.43) approaches zero as N goes

to infinity.

Note that increasing the value of r does not necessarily result in larger correction because

αi (i = 1, 2, 3) may be negative. Also note that throughout the analytical section, no specific

distributions for the data are assumed. In other words, the theoretical results obtained in

this section are distribution-free.

Moreover, it is important to note that, even if the hypothesis restrictions are linear, the

Bartlett-type correction factor in (2.43) might still be working. However, our results are

applicable only to moment conditions which are nonlinear in parameters. One condition for

the theory in Phillips and Park (1988) and Hansen (2006) to apply is that restrictions of a

hypothesis test should be nonlinear. In this sense, our results complement Phillips and Park

(1988) and Hansen (2006). Since in many economic applications the moments are nonlinear,

our results are not meaningless.
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Another aspect that needs to be noted is that the number of restrictions is not restricted.

This makes it possible to apply the current results to structural equation models where the

number of restrictions is usually larger than one and the number of degrees of freedom is

possibly large. To our knowledge, Hansen (2006) is the only expansion of the distribution

of the DM test statistic, however, the results derived by Hansen (2006) are for only one

restriction (g(θ) is 1 × 1) and one specific model (linear regression). Therefore, the present

paper complements Hansen (2006) in several aspects.

3 Illustrative Simulations

In this section, simulations for covariance structure models (see, e.g., Prokhorov, 2008) are

used to illustrate the theoretical results obtained in Section 2.

Consider a random vector Z ∈ Z ⊂ Rq from Pθ0 , θ0 ∈ Θ. It is assumed that E[Z] = 0,

E{‖Z‖4} < ∞ and E[ZZ ′] = Σ(θ0). The matrix function Σ(θ) comes from a structural model,

e.g., LISREL, MIMIC, factor analysis, random effects or simultaneous equations model. For

a random sample (Z1, · · · , ZN), denote

Si ≡ ZiZ
′
i (3.1)

and

S ≡ 1

N

N∑
i=1

Si. (3.2)

S satisfies a central limit theorem:

√
N(vechS − vechΣ(θ0)) → N(0, ∆(θ0)), (3.3)

where

∆(θ0) = V(vechSi) = E[vechSivech′Si]− vechΣ(θ0)vech′Σ(θ0)

and vech denotes vertical vectorization of the lower triangle of a matrix. In general, p ≤
1
2
q(q + 1). Then, the moment function in (2.3) is

mN(θ)
1
2
q(q+1)×1

≡ 1

N

N∑
i=1

m(Zi, θ) = vechS − vechΣ(θ), (3.4)
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where

m(Zi, θ)
1
2
q(q+1)×1

= vechSi − vechΣ(θ).

We are interested in the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c), where c

is a constant vector. This type of test is fundamental in covariance literature and has been

richly researched in the literature (Korin, 1968; Sugiura, 1969; Nagarsenker and Pillai, 1973;

Yanagihara et al., 2004; etc.). We want to see how the Bartlett-type correction factor in

(2.43) works.

To make the simulations simple, consider the problem of testing the covariance of two

uncorrelated random variables (i.e. q = 2) from the standard normal population N (0, 1).

The null and alternative hypotheses are, respectively:

H0 : Σ(θ) =

[
1 0

0 1

]
,

H1 : Σ(θ) 6=
[
1 0

0 1

]
.

(3.5)

Note that Σ(θ) is the generic population covariance matrix before imposing any restrictions

such as ’uncorrelated’ and ’standard normal’ in this case. Denote

Σ(θ) =

[
σ2

1 σ12

σ12 σ2
2

]

where

θ =




σ1

σ12

σ2


 .

Here p = 3 and m = 3. Therefore,

G(θ) = −dvech′Σ(θ)

dθ
=



−2σ1 0 0

0 −1 0

0 0 −2σ2


 ,

D(θ) =
dvec′G(θ)

dθ
=



−2 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −2


 ,

C(θ) =
dvec′D(θ)

dθ
= 0

3×27
.
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Note that here the derivatives of the moment function do not depend on the data. Equiva-

lently, the null and alterative could be rewritten as:

H0 : g(θ)
3×1

= 0,

H1 : g(θ) 6= 0,

(3.6)

where

g(θ) = vechΣ(θ)− vech

[
1 0

0 1

]
=




σ2
1

σ12

σ2
2


−




1

0

1


 =




σ2
1 − 1

σ12 − 0

σ2
2 − 1


 .

Note that r = 3. Then,

A(θ) =
dg′(θ)

dθ
=




2σ1 0 0

0 1 0

0 0 2σ2


 .

Under the null, σ1 = 1, σ12 = 0, σ2 = 1. Therefore,

G =



−2 0 0

0 −1 0

0 0 −2


 , (3.7)

D =



−2 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −2


 , (3.8)

C = 0
3×27

, (3.9)

A =




2 0 0

0 1 0

0 0 2


 . (3.10)

Using theorem 2.4 gives α1 = −0.04167, α2 = −0.04167, and α3 = 0.01786.

Generate a sample (Z1, · · · , ZN) from N (0, I2). The forth moment of the data is

∆(θ0) =




2 0 0

0 1 0

0 0 2


 , (3.11)
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which is used to standardize the GMM moments. Compute the DM test statistic before cor-

rection and further compute the Bartlett-type corrected DM test statistic using the correction

factor (2.43).

The procedure described above is repeated 1000 times for each value of the sample size

N = 25, 50, 75, 100. Then, plot the histograms of the corrected statistic (see Figure 1). It

can be seen that the corrected DM test statistic is well approximated by the chi-squared

distribution.

We also did simulations for other hypothesis tests such as H0 : θi = θj against H1 : θi 6= θj

and H0 : θiθj = a against H1 : θiθj 6= a for some constant a. The former could be used to

test stationary processes in economic application, see Section 4; the latter is similar to the

one in Phillips and Park (1988) and Hansen (2006). The results for both tests are similar to

the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c), so they are not presented here.

0 5 10 15
N=25

0 5 10 15 20
N=50

0 5 10 15
N=75

0 5 10 15
N=100

Figure 1: Histograms of the Bartlett-type corrected DM test statistic for the test of H0 :

Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c) with q = 2. The density of χ2
3 is superimposed on the

histograms.

An important question is: how does the Bartlett-type correction work? In order to demon-

strate the effect of the Bartlett-type correction, we draw data from various distributions and

various dimensions, and the quantiles as a function of probabilities are plotted. See Figure
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2, 3, 4 and 5. The quantile curve of chi-squared distribution, marked “chiˆ2”, is set as the

benchmark in each panel. The uncorrected DM test statistic and corrected DM test statis-

tic are marked “DM” and “DM star” respectively. All Figures 2, 3, 4 and 5 show severe

over-rejection of the uncorrected DM test statistic which is improved by the corrected DM

test statistic, especially when sample sizes are small. It can be seen that in each panel, the

corrected DM test statistic is closer to the chi-squared distribution than the uncorrected one.

This confirms our expectation in the beginning of this paper.

Figure 2 shows the quantiles of the uncorrected and corrected DM test statistics as com-

pared with chi-squared quantiles for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c)

with q = 2 for various sample sizes. The data are from N (0, 1), and the number of restrictions

is r = 1
2
q(q + 1). In Figure 2, as the value of sample size N increases, the DM test statistic

before correction is closer to chi-square and the Bartlett-type correction is becoming less.

This is theoretically reasonable.

Figure 3 displays the quantiles of the uncorrected and corrected DM test statistics as

compared with chi-squared quantiles for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c)

with q = 1 and q = 2. The data are from normal distribution, student’s t distribution for 3

degrees of freedom and uniform distribution. The sample size is N = 25, and the number of

restrictions is r = 1
2
q(q+1). Figure 3 confirms that our theoretical results obtained in Section

2 are distribution-free.

Figure 4 presents the quantiles of the uncorrected and corrected DM test statistics as

compared with chi-squared quantiles for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c)

with q = 2. The data are from normal distribution, student’s t distribution for 3 degrees of

freedom and uniform distribution. The sample size is N = 25, and the numbers of restrictions

are r = 1
2
q(q + 1) − 1 = 2 and r = 1

2
q(q + 1) − 2 = 1. As analyzed in Section 2, increasing

the number of restrictions does not necessarily make the correction larger. This is revealed

in Figure 4.

Figure 5 plots the quantiles of the uncorrected and corrected DM test statistics as com-

pared with chi-squared quantiles for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c)

with q = 1 and q = 2. The data are from standard normal distribution. Figure 5 shows that

DM test statistic before correction for q = 1 (df = 1) is much closer to chi-square distribution

than q = 2 (df = 3), which holds for each of N = 15, N = 25 and N = 50. Note that the

y-axis for q = 2 is compressed, otherwise, the deviation of the uncorrected DM test statistic

for q = 2 from chi-square would be much more than that for q = 1. This is consistent with
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the findings of Hoogland and Boomsma (1998), who show that chi-square statistics are sen-

sitive to the model size (i.e., the number of degrees of freedom)1: larger number of degrees of

freedom requires larger sample sizes to obtain good behavior of the statistics. It is important

to note that the Bartlett-type correction effect for q = 2 is almost the same as that for q = 1.

This can be seen from the percentage correction. For example, for N = 25 and on a 5%

significance level, the correction is about half for both q = 1 and q = 2.

(a) N = 15 (b) N = 25

(c) N = 50 (d) N = 75

Figure 2: Plot of quantiles: chi-squared vs the uncorrected and corrected DM test statistics

for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c) with q = 2. The data are from

N (0, 1), and the number of restrictions is r = 1
2
q(q + 1).

1For structural equation modelling, a model’s degrees of freedom equals to the number of distinct elements

in the covariance minus the number of parameters.
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(a) q = 1, N (0, 1) (b) q = 1, Student’s t Distribution for 3 df.

(c) q = 2, N (0, 0.25) (d) q = 2, Uniform Distribution

Figure 3: Plot of quantiles: chi-squared vs the uncorrected and corrected DM test statistics

for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c) with q = 1 and q = 2. The data

are from normal distribution, student’s t distribution for 3 degrees of freedom and uniform

distribution. The sample size is N = 25, and the number of restrictions is r = 1
2
q(q + 1).
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(a) N (0, 1), r = 2 (b) N (0, 1), r = 1

(c) Student’s t Distribution for 3 df., r = 2 (d) Student’s t Distribution for 3 df., r = 1

(e) Uniform Distribution, r = 2 (f) Uniform Distribution, r = 1

Figure 4: Plot of quantiles: chi-squared vs the uncorrected and corrected DM test statistics

for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c) with q = 2. The data are from

normal distribution, student’s t distribution for 3 degrees of freedom and uniform distribution.

The sample size is N = 25, and the numbers of restrictions are r = 1
2
q(q + 1) − 1 = 2 and

r = 1
2
q(q + 1)− 2 = 1.
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(a) q = 1, N = 15 (b) q = 2, N = 15

(c) q = 1, N = 25 (d) q = 2, N = 25

(e) q = 1, N = 50 (f) q = 2, N = 50

Figure 5: Plot of quantiles: chi-squared vs the uncorrected and corrected DM test statistics

for the test of H0 : Σ(θ) = Σ(c) against H1 : Σ(θ) 6= Σ(c) with q = 1 and q = 2. The data are

from N (0, 1).
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4 Empirical Illustration

In labor economics literature, many articles study covariance structures of earnings (MaCurdy,

1982; Abowd and Card, 1987, 1989; Topel and Ward, 1992; Baker, 1997; Baker and Solon,

2003; etc.). A longer panel provides observations on higher-order autocovariances; however,

in order to obtain a balanced panel, the cost for a longer panel is a smaller number of

observations. For example, in Baker (1997), the sample sizes available for the 10-year panels of

1967-76 and 1977-86 are 992 and 1331 respectively, but the sample size available for the whole

20-year panel is only 534. On the other hand, as the panel gets longer, the number of degrees

of freedom under usual null becomes larger, which, as mentioned earlier, generally requires

larger sample sizes for chi-square statistics to maintain good behavior. This may explain the

“troublesome” discrepancy puzzle on p358 of Baker (1997) that a longer panel reverses the

original inference. In this section, we use part of the first sample in Abowd and Card (1989),

earnings from 1969 to 1974, to demonstrate how the Bartlett-type correction has an effect on

the outcomes of a hypothesis test.

The earnings data used in this section are drawn from the Panel Study of Income Dynamics

(PSID), conducted at the Survey Research Center, Institute for Social Research, University

of Michigan. The sample consists of men who were heads of household in every year from

1969 to 1974, who were between the ages of 21 and 64 in each year, and who reported

positive earnings in each year. The sample used in the current paper contains a total of 1578

individuals. Individuals with average hourly earnings greater than $100 or reported annual

hours greater than 4680 were excluded. A detailed description of the PSID variables used

is given in Appendix B. The covariances and correlations between the demeaned changes

in log real annual earnings (in the 1967 dollars) are displayed in Table 1. Covariances are

presented below diagonal, while correlations and their associated two-tailed prob-values are

presented above diagonal. A correlation coefficient is statistically significant at 10% two-tailed

significance level if its prob-value is less than 0.10.

The generic population covariance matrix for Table 1 can be denoted as

Σ(θ) =




σ2
1 σ12 σ13 σ14 σ15

σ21 σ2
2 σ23 σ24 σ25

σ31 σ32 σ2
3 σ34 σ35

σ41 σ42 σ43 σ2
4 σ45

σ51 σ52 σ53 σ54 σ2
5




, (4.1)
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where

θ = vec




σ1 σ12 σ13 σ14 σ15

σ21 σ2 σ23 σ24 σ25

σ31 σ32 σ3 σ34 σ35

σ41 σ42 σ43 σ4 σ45

σ51 σ52 σ53 σ54 σ5




. (4.2)

Table 1: Covariances Between Changes in Earnings : PSID Males 1967-1974

Covariance (correlation)a of :

with : ∆ ln e 69-70 ∆ ln e 70-71 ∆ ln e 71-72 ∆ ln e 72-73 ∆ ln e 73-74

∆ ln e 69-70 0.228 -0.204 -0.006 0.018 -0.006

(0) (0.827) (0.463) (0.823)

∆ ln e 70-71 -0.04418 0.205 -0.415 -0.082 0

(0) (0.001) (0.994)

∆ ln e 71-72 -0.00117 -0.08345 0.197 -0.347 -0.041

(0) (0.101)

∆ ln e 72-73 0.003442 -0.01447 -0.06 0.152 -0.305

(0)

∆ ln e 73-74 -0.00102 -0.0000303 -0.00697 -0.04518 0.144

aCovariances are below diagonal, while correlations and their associated two-tailed prob-

values are above diagonal.

The question Abowd and Card (1989) ask is whether the information in the covariance

matrix in Table 1 could be adequately summarized by some relatively simple statistical model.

Specifically, they ask whether a (possibly nonstationary) MA(2) process can serve as a model.

Indeed, there are very few covariances (correlations) that are large or statistically significant

at lags greater than two periods. In order to address this concern, two tests were performed

using the DM test statistic.

The first one is to test for a nonstationary MA(2) representation of the changes in earn-

ings. The changes in earnings have a nonstationary MA(2) representation if the covariances

at lags greater than two periods are zero. The null is H0 : changes in earnings is a nonsta-

tionary MA(2), and the alternative is H1 : changes in earnings is not a nonstationary MA(2).
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Equivalently, the null can be rewritten as

H0 :




σ41

σ51

σ52


 = 0

3×1
. (4.3)

The second one is to test for a stationary MA(2) representation of the changes in earnings.

By a stationary MA(2) representation, we mean (1) cov(∆ ln et, ∆ ln et−j) depends only on j

and does not change over t, and (2) cov(∆ ln et, ∆ ln et−j) is zero for |j| > 2. The null is H0 :

changes in earnings is a stationary MA(2), and the alternative is H1 : changes in earnings is

not a stationary MA(2). Equivalently, the null can be rewritten as

H0 :




σ41

σ51

σ52


 = 0

3×1
,

σ1 = σ2 = σ3 = σ4 = σ5,

σ21 = σ32 = σ43 = σ54,

σ31 = σ42 = σ53.

(4.4)

The test results are presented in Table 2. Calculation shows that the values of the uncorrected

DM test statistic for the two tests are 0.33247975 and 19.988882 respectively. Then, α1, α2, α3

are computed and the Bartlett-type correction is conducted. For the first test, α1 = 2.1219335,

α2 = 0.052738023, α3 = 0, and the value of the corrected DM test statistic is 0.33202897.

For the second test, α1 = −1.8877232, α2 = 0.96340811, α3 = 0.028180808, and the value of

DM test statistic after correction is 19.626226. The corrections are minor. The reason for

the minor corrections is that the sample size N = 1578 is quite large for the current number

of degrees of freedom in both tests. It is very important to note that we are using only part

of the sample in Abowd and Card (1989). If the full sample (df = 112 for the first test and

df = 87 for the second one) is used, the sample size N = 1578 might not be large enough

and the DM test statistic might need to be corrected. Detailed analysis of this is beyond the

scope of the current study, but is a useful direction for future research. Our goal rather is to

demonstrate the effect of the Bartlett-type correction as the sample size becomes smaller.

What would happen if the sample size decreases? The answer is: if smaller sample sizes

are used, Bartlett-type corrections may change the outcomes of the tests. Take the second

test as an example. The results are presented in Table 3. As sample size decreases from

N =1578 to 1400, 1200, 1000 and 900 (first N individuals), Bartlett-type corrections are
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Table 2: Goodness-of-Fit Tests for Changes in Earnings: PSID Males 1967-1974

Goodness-of-Fit Test DM Test Statistic Asy. P-Value

N=1578 Uncorrected Corrected Uncorrected Corrected

I. Nonstationary MA(2) 0.33247975 0.33202897 0.95380852 0.95389632

(df = 3)

II. Stationary MA(2) 19.988882 19.626226 0.067296564 0.074495171

(df = 12)

becoming larger and larger. This is expected by the theoretical analysis in Section 2. Table 3

also reveals how the outcomes of the test change at various significance levels. For example,

if N = 900, the value of the DM test statistic before correction is rejected at 5% significance

level, however, we fail to reject the value after correction.

Table 3: Testing Stationary MA(2) for Changes in Earnings: PSID Males 1967-1974

Sample Size
DM Test Statistic Asy. P-Value

Uncorrected Corrected Uncorrected Corrected

N=1400 22.213672 21.638984 0.035193684 0.041770848

N=1200 24.153230 22.830842 0.019386430 0.029196854

N=1000 25.459123 22.119035 0.012790968 0.036207173

N=900 25.997606 20.348330 0.010742264 0.060777036

5 Concluding Remarks

This paper provides a study on the asymptotic expansions of the distribution of the DM test

statistic. It covers all kinds of cases with nonlinear moments. If the moments are nonlinear, the

nonlinearity requirement for the restrictions of a hypothesis test in Phillips and Park (1988)

and Hansen (2006) can be relaxed. Besides, the theoretical results apply to possibly large

number of degrees of freedom. In these aspects, the present theoretical results complement

both Phillips and Park (1988) and Hansen (2006). After the theoretical results are obtained,

simple simulations are performed to illustrate the seemingly complicated theory. Finally, the

theoretical results are applied in the covariance structures of earnings to demonstrate how

the Bartlett-type correction can play a role in the outcome of the hypothesis tests when the

finite sample sizes are not large enough.
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Edgeworth expansion for the DM test statistic is promising. In practice, an increasing

number of large structural equation models (measured by large number of degrees of freedom)

are estimated nowadays (Herzog et al., 2007; Kenny and McCoach, 2003). A large sample size

is a remedy (Hoogland and Boomsma, 1998), but large sample sizes are not always possible

to get. Another aspect in the practice is that data are often nonnormal. The present paper

attacks these problems simultaneously. The advantage of our approach over other finite

sample corrections used in structural equation modeling (e.g., Yuan and Bentler, 1998, 1999)

is that our results are applicable to a much wider range of models.

Simulations and applications in the extensively existing nonlinear moment cases remain

for future research.
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A Proofs

Proof of Lemma2.1: See Kollo and Rosen (2005), p151 and p280.

Proof of Theorem2.2: From (2.12),

DM ∼= 1DM + 2DM + 3DM + 4DM , (A.1)

where,

1DM = vec′GN (θ̂N )M1vecGN (θ̂N ), (A.2)

2DM = m′
N (θ̂N )M2vecDN (θ̂N ), (A.3)

3DM = −N−1/2vec′GN (θ̂N )M3vecDN (θ̂N ), (A.4)

4DM = N−1 1
4
vec′DN (θ̂N )M4vecDN (θ̂N ). (A.5)

Taking Taylor expansions of mN (θ̂N ), vecGN (θ̂N ) and vecDN (θ̂N ) about θ0 and using (2.8) and (2.9) yield:

mN (θ̂N )
m×1

= mN (θ0) + G′(θ̂N − θ0) +
1
2
[Im ⊗ (θ̂N − θ0)′]D′(θ̂N − θ0) + op

= −N−1/2q̄ + N−1/2G′B−1Gq̄ + N−1 1
2
(Im ⊗ q̄′G′B−1)D′B−1Gq̄ + op,

vecGN (θ̂N )
pm×1

= vecG + D′(θ̂N − θ0) +
1
2
[Ipm ⊗ (θ̂N − θ0)′]C ′(θ̂N − θ0) + op

= vecG + N−1/2D′B−1Gq̄ + N−1 1
2
(Ipm ⊗ q̄′G′B−1)C ′B−1Gq̄ + op,

vecDN (θ̂N )
p2m×1

= vecD + C ′(θ̂N − θ0) + op

= vecD + N−1/2C ′B−1Gq̄ + op.

Note that we do not need to expand vecDN (θ̂N ) further for our purpose. Substituting these expressions into

(A.2)-(A.5) gives:

1DM = vec′GN (θ̂N )M1vecGN (θ̂N )

= vec′GM1vecG + N−1/22q̄′G′B−1DM1vecG

+ N−1[q̄′G′B−1DM1D
′B−1Gq̄ + q̄′G′B−1C(Ipm ⊗B−1Gq̄)M1vecG]

+ op

= q̄′P q̄ + N−1/2u1(q̄) + N−1v1(q̄) + op,

(A.6)

where

P
m×m

≡ G′HG

is the projection matrix, and

u1(q̄) = 2q̄′G′B−1DM1vecG,

v1(q̄) = q̄′G′B−1DM1D
′B−1Gq̄ + q̄′G′B−1C(Ipm ⊗B−1Gq̄)M1vecG;
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2DM = m′
N (θ̂N )M2vecDN (θ̂N )

= −N−1/2q̄′M2vecD −N−1q̄′M2C
′B−1Gq̄

+ N−1/2q̄′G′B−1GM2vecD + N−1q̄′G′B−1GM2C
′B−1Gq̄

+ N−1 1
2
q̄′G′B−1D(Im ⊗B−1Gq̄)M2vecD + op

= N−1/2(q̄′G′B−1M2vecD − q̄′M2vecD)

+ N−1[q̄′G′B−1GM2C
′B−1Gq̄ − q̄′M2C

′B−1Gq̄

+
1
2
q̄′G′B−1D(Im ⊗B−1Gq̄)M2vecD] + op

= N−1/2u2(q̄) + N−1v2(q̄) + op,

(A.7)

where

u2(q̄) = q̄′G′B−1GM2vecD − q̄′M2vecD

= q̄′(G′B−1G− Im)M2vecD,

v2(q̄) = q̄′G′B−1GM2C
′B−1Gq̄ − q̄′M2C

′B−1Gq̄ +
1
2
q̄′G′B−1D(Im ⊗B−1Gq̄)M2vecD

= q̄′(G′B−1G− Im)M2C
′B−1Gq̄ +

1
2
q̄′G′B−1D(Im ⊗B−1Gq̄)M2vecD;

3DM = −N−1/2vec′GN (θ̂N )M3vecDN (θ̂N )

= −N−1/2vec′GM3vecD −N−1vec′GM3C
′B−1Gq̄ −N−1q̄′G′B−1DM3vecD + op

= N−1/2u3(q̄) + N−1v3(q̄) + op,

(A.8)

where

u3(q̄) = −vec′GM3vecD,

v3(q̄) = −vec′GM3C
′B−1Gq̄ − q̄′G′B−1DM3vecD

= −q̄′G′B−1CM ′
3vecG− q̄′G′B−1DM3vecD;

4DM = N−1 1
4
vec′DN (θ̂N )M4vecDN (θ̂N )

= N−1 1
4
vec′DM4vecD + op

= N−1v4(q̄) + op,

(A.9)

where

v4(q̄) =
1
4
vec′DM4vecD.

Finally, substituting (A.6)-(A.9) back into (A.1) gives equation (2.17).

Proof of Lemma2.3: From Theorem 2.2, if ui(q̄) (i = 1, 2, 3) and vi(q̄) (i = 1, 2, 3, 4) could be rewritten as

ui(q̄) = vec′Ji(q̄ ⊗ q̄ ⊗ q̄), (A.10)

vi(q̄) = tr[Li(q̄q̄′ ⊗ q̄q̄′)], (A.11)
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then,

u(q̄) = vec′J(q̄ ⊗ q̄ ⊗ q̄),

v(q̄) = tr[L(q̄q̄′ ⊗ q̄q̄′)]

where

vecJ = vecJ1 + vecJ2 + vecJ3,

and

L = L1 + L2 + L3 + L4.

Therefore, the proof is reduced to show (A.10) and (A.11).

Using

(A⊗ C)(B ⊗D) = (AB)⊗ (CD),

Kp,qvecA = vec(A′),

A⊗B = Kp,r(B ⊗A)Ks,q,

for A : p× q and B : r × s where K is the commutation matrix, we can rewrite (2.21):

u1(q̄) = 2q̄′G′B−1D(Im ⊗HGq̄)vec(q̄′G′HG)

= 2q̄′G′HG(Im ⊗ q̄′G′H)(q̄′G′B−1 ⊗ Ipm)vec(D′)

= 2q̄′G′HG(Im ⊗ q̄′G′H)(Ipm ⊗ q̄′G′B−1)vecD

= 2(q̄′G′HG⊗ q̄′G′H⊗ q̄′G′B−1)vecD

= 2(q̄′ ⊗ q̄′ ⊗ q̄′)(G′HG⊗G′H⊗G′B−1)vecD

= vec′J1(q̄ ⊗ q̄ ⊗ q̄),

(A.12)

where

vecJ1 = 2(G′HG⊗G′H⊗G′B−1)vecD. (A.13)

Let

R1 = (HG⊗B−1G)(q̄q̄′ ⊗ q̄q̄′)(G′H⊗G′B−1),

partition vecD as

vecD
p2m×1

=




VD1

VD2

...

VDm




(A.14)

where each subvector VDi is p2 × 1, and let

VD = VD1V
′
D1 + VD2V

′
D2 + · · ·+ VDmV ′

Dm. (A.15)

27



Then, since

(Im ⊗ q̄′G′H)D′B−1Gq̄ = (Im ⊗ q̄′G′H)(q̄′G′B−1 ⊗ Ipm)vec(D′)

= (Im ⊗ q̄′G′H)(Ipm ⊗ q̄′G′B−1)vecD

= (Im ⊗ q̄′G′H⊗ q̄′G′B−1)vecD,

the first term of v1(q̄) in (2.24) becomes

q̄′G′B−1D(Im ⊗HGq̄)(Im ⊗ q̄′G′H)D′B−1Gq̄

= vec′D(Im ⊗HGq̄ ⊗B−1Gq̄)(Im ⊗ q̄′G′H⊗ q̄′G′B−1)vecD

= vec′D(Im ⊗R1)vecD

=
[
V ′

D1 V ′
D2 · · · V ′

Dm

]




R1 0

R1

. . .

0 R1







VD1

VD2

...

VDm




= V ′
D1R1VD1 + V ′

D2R1VD2 + · · ·+ V ′
DmR1VDm

= tr[(VD1V
′
D1 + VD2V

′
D2 + · · ·+ VDmV ′

Dm)R1]

= tr[VD(HG⊗B−1G)(q̄q̄′ ⊗ q̄q̄′)(G′H⊗G′B−1)]

= tr[(G′H⊗G′B−1)VD(HG⊗B−1G)(q̄q̄′ ⊗ q̄q̄′)].

(A.16)

Similarly, let

R2 = (HG⊗B−1G)(q̄ ⊗ q̄),

R3 = q̄′G′H,

partition G′B−1C and vecG as

G′B−1C
m×p2m

=
[
MGC1 MGC2 · · · MGCm

]
, (A.17)

vecG
pm×1

=




VG1

VG2

...

VGm




(A.18)

where MGCi and VGi are m× p2 and p× 1 respectively, and let

MV = M ′
GC1 ⊗ V ′

G1 + M ′
GC2 ⊗ V ′

G2 + · · ·+ M ′
GCm ⊗ V ′

Gm. (A.19)

Then, since

q̄′mq̄′M(q̄ ⊗ q̄) = m′q̄q̄′M(q̄ ⊗ q̄)

= [(q̄ ⊗ q̄)′M ′ ⊗m′]vec(q̄q̄′)

= (q̄ ⊗ q̄)′(M ′ ⊗m′)(q̄ ⊗ q̄)

= tr[(M ′ ⊗m′)(q̄q̄′ ⊗ q̄q̄′)]

(A.20)
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for some vector m and matrix M of appropriate sizes, the second term of v1(q̄) in (2.24) becomes

q̄′G′B−1C(Ipm ⊗B−1Gq̄)(Im ⊗HGq̄)(Im ⊗ q̄′G′H)vecG

= q̄′G′B−1C(Im ⊗R2)(Im ⊗R3)vecG

= q̄′
[
MGC1 MGC2 · · · MGCm

]




R2 0

R2

. . .

0 R2







R3 0

R3

. . .

0 R3







VG1

VG2

...

VGm




=
m∑

i=1

(q̄′MGCiR2R3VGi)

= tr

m∑

i=1

[q̄′MGCi(HG⊗B−1G)(q̄ ⊗ q̄)q̄′G′HVGi]

= tr

m∑

i=1

[q̄′G′HVGiq̄
′MGCi(HG⊗B−1G)(q̄ ⊗ q̄)]

= tr

m∑

i=1

{{[(G′H⊗G′B−1)M ′
GCi]⊗ V ′

GiHG}(q̄q̄′ ⊗ q̄q̄′)
}

= tr

m∑

i=1

[(G′H⊗G′B−1)(M ′
GCi ⊗ V ′

Gi)(Im ⊗HG)(q̄q̄′ ⊗ q̄q̄′)]

= tr[(G′H⊗G′B−1)MV (Im ⊗HG)(q̄q̄′ ⊗ q̄q̄′)].

(A.21)

From (A.16) and (A.21), (2.24) could be rewritten as

v1(q̄) = tr[L1(q̄q̄′ ⊗ q̄q̄′)], (A.22)

where

L1 = (G′H⊗G′B−1)VD(HG⊗B−1G) + (G′H⊗G′B−1)MV (Im ⊗HG). (A.23)

Similar to u1(q̄),

u2(q̄) = q̄′(G′B−1G− Im)(Im ⊗ q̄′G′H⊗ q̄′G′H)vecD

= (q̄′ ⊗ q̄′ ⊗ q̄′)[(G′B−1G− Im)⊗G′H⊗G′H]vecD

= vec′J2(q̄ ⊗ q̄ ⊗ q̄),

(A.24)

where

vecJ2 = [(G′B−1G− Im)⊗G′H⊗G′H]vecD. (A.25)

The first term of v2(q̄) in (2.25) can be written as

q̄′G′B−1C(Im ⊗HGq̄ ⊗HGq̄)(G′B−1G− Im)q̄.

Since

(G′B−1G− Im)q̄ = vec[q̄′(G′B−1G− Im)]

= (Im ⊗ q̄′)vec(G′B−1G− Im),

29



and vec(G′B−1G− Im) could be partitioned as

vec(G′B−1G− Im) =




VGI1

VGI2

...

VGIm




(A.26)

where VGIi is m× 1, we may mimic the second term of v1(q̄) and rewrite the first term of v2(q̄) further as

tr

m∑

i=1

[q̄′MGCi(HG⊗HG)(q̄ ⊗ q̄)q̄′VGIi]

= tr[(G′H⊗G′H)MV I(q̄q̄′ ⊗ q̄q̄′)],

(A.27)

where

MV I = M ′
GC1 ⊗ V ′

GI1 + M ′
GC2 ⊗ V ′

GI2 + · · ·+ M ′
GCm ⊗ V ′

GIm. (A.28)

Similar to the first term of v1(q̄), since

q̄′G′B−1D = vec′(q̄′G′B−1D) = vec′D(Ipm ⊗B−1Gq̄),

the second term of v2(q̄) in (2.25) could be rewritten as

1
2
vec′D(Im ⊗B−1Gq̄ ⊗B−1Gq̄)(Im ⊗ q̄′G′H⊗ q̄′G′H)vecD

=
1
2
tr[VD(B−1G⊗B−1G)(q̄q̄′ ⊗ q̄q̄′)(G′H⊗G′H)]

= tr[
1
2
(G′H⊗G′H)VD(B−1G⊗B−1G)(q̄q̄′ ⊗ q̄q̄′))].

(A.29)

From (A.27) and (A.29), we have

v2(q̄) = tr[L2(q̄q̄′ ⊗ q̄q̄′)], (A.30)

where

L2 = (G′H⊗G′H)MV I +
1
2
(G′H⊗G′H)VD(B−1G⊗B−1G). (A.31)

Since

vec′G(Im ⊗HGq̄)

= [(Im ⊗ q̄′G′H)vecG]′

= q̄′G′HG,

(2.23) becomes

u3(q̄) = −q̄′G′HG(Im ⊗ q̄′G′H⊗ q̄′G′H)vecD

= −(q̄′ ⊗ q̄′ ⊗ q̄′)(G′HG⊗G′H⊗G′H)vecD

= vec′J3(q̄ ⊗ q̄ ⊗ q̄),

(A.32)
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where

vecJ3 = −(G′HG⊗G′H⊗G′H)vecD. (A.33)

Similar to the second term of v1(q̄), the first term of v3(q̄) in (2.26) could be rewritten as

−q̄′G′B−1C(Im ⊗HGq̄ ⊗HGq̄)(Im ⊗ q̄′G′H)vecG

= tr

m∑

i=1

[−q̄′MGCi(HG⊗HG)(q̄ ⊗ q̄)q̄′G′HVGi]

= tr[−(G′H⊗G′H)MV (Im ⊗HG)(q̄q̄′ ⊗ q̄q̄′)].

(A.34)

Similar to the second term of v2(q̄), the second term of v3(q̄) in (2.26) could be rewritten as

−q̄′G′B−1D(Im ⊗HGq̄)(Im ⊗ q̄′G′H⊗ q̄′G′H)vecD

= −vec′D(Ipm ⊗B−1Gq̄)(Im ⊗HGq̄)(Im ⊗ q̄′G′H⊗ q̄′G′H)vecD

= −vec′D(Im ⊗HGq̄ ⊗B−1Gq̄)(Im ⊗ q̄′G′H⊗ q̄′G′H)vecD

= tr[−VD(HG⊗B−1G)(q̄q̄′ ⊗ q̄q̄′)(G′H⊗G′H)]

= tr[−(G′H⊗G′H)VD(HG⊗B−1G)(q̄q̄′ ⊗ q̄q̄′)].

(A.35)

From (A.34) and (A.35), we have

v3(q̄) = tr[L3(q̄q̄′ ⊗ q̄q̄′)], (A.36)

where

L3 = −(G′H⊗G′H)MV (Im ⊗HG)− (G′H⊗G′H)VD(HG⊗B−1G). (A.37)

Similar to the first term of v1(q̄), v4(q̄) in (2.27) could be easily rewritten as

v4(q̄) =
1
4
tr[VD(HG⊗HG)(q̄q̄′ ⊗ q̄q̄′)(G′H⊗G′H)]

= tr[
1
4
(G′H⊗G′H)VD(HG⊗HG)(q̄q̄′ ⊗ q̄q̄′)]

= tr[L4(q̄q̄′ ⊗ q̄q̄)],

(A.38)

where

L4 =
1
4
(G′H⊗G′H)VD(HG⊗HG). (A.39)

By (A.12), (A.22), (A.24), (A.30), (A.32), (A.36) and (A.38), (A.10) and (A.11) are obtained, thus

finishing the proof.

Proof of Theorem2.4: First, ai and bi are defined (Phillips and Park, 1988) as

ai = tr(Ai) (i = 0, 1, 2), (A.40)

where

A0 = L[(I + Km,m)(P̄ ⊗ P̄ ) + vecP̄ vec′P̄ ],

A1 = L[(I + Km,m)(P̄ ⊗ P + P ⊗ P̄ ) + vecP̄ vec′P + vecPvec′P̄ ],

A2 = L[(I + Km,m)(P ⊗ P ) + vecPvec′P ];

31



bi = vec′JBivecJ (i = 1, 2, 3), (A.41)

where

B0 = H(P̄ ⊗ P̄ ⊗ P̄ ) + H(P̄ ⊗ vecP̄ vec′P̄ )H

+ P̄ ⊗Km,m(P̄ ⊗ P̄ ) + Km,m(P̄ ⊗ P̄ )⊗ P̄

+ Km,m2 [P̄ ⊗Km,m(P̄ ⊗ P̄ )]Km2,m = C0(P̄ ), say,

B1 = H(P ⊗ P̄ ⊗ P̄ )H

+ H(P ⊗ vecP̄ vec′P̄ + P̄ ⊗ vecPvec′P̄ + P̄ ⊗ vecP̄ vec′P )H

+ P ⊗Km,m(P̄ ⊗ P̄ ) + P̄ ⊗Km,m(P ⊗ P̄ )

+ P̄ ⊗Km,m(P̄ ⊗ P ) + Km,m(P ⊗ P̄ )⊗ P̄

+ Km,m(P̄ ⊗ P̄ )⊗ P̄ + Km,m(P̄ ⊗ P̄ )⊗ P

+ Km,m2{[P ⊗Km,m(P̄ ⊗ P̄ )] + [P̄ ⊗Km,m(P ⊗ P̄ )]

+ [P̄ ⊗Km,m(P̄ ⊗ P )]}Km2,m = C1(P̄ , P ), say,

B2 = C1(P, P̄ ),

B3 = C0(P ),

with

H = I + Km,m2 + Km2,m,

P̄ ≡ I − P.

Secondly, from (A.40),

a0 = tr(A0) = tr{L[(I + Km,m)(P̄ ⊗ P̄ ) + vecP̄ vec′P̄ ]}
= tr[(P̄ ⊗ P̄ )L(I + Km,m) + vec′P̄LvecP̄ ]

= tr[(P̄ ⊗ P̄ )L(I + Km,m)] + tr(vec′P̄LvecP̄ ).

(A.42)

Using (2.18) and P̄ ≡ I − P gives,

(A′B−1G)P̄ = 0, (A.43)

P̄ (G′B−1A) = 0. (A.44)

Therefore, by (2.34)-(2.38),

(P̄ ⊗ P̄ )L = 0, (A.45)

and

(HG⊗B−1G)vecP̄ = vec(B−1GP̄GH) = 0, (A.46)

(Im ⊗HG)vecP̄ = vec(HGP̄ ) = 0. (A.47)
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Combining (A.46) and (A.47) with (2.35) yields

L1vecP̄ = 0. (A.48)

Similarly,

L3vecP̄ = 0, (A.49)

L4vecP̄ = 0, (A.50)

and

vec′P̄L2 = (L′2vecP̄ )′ = 0. (A.51)

From (A.48)-(A.51),

tr(vec′P̄LvecP̄ ) = 0. (A.52)

Substituting (A.45) and (A.52) into (A.42) gives

a0 = 0. (A.53)

Also, from (A.41),

b1 = vec′JB1vecJ

= vec′JH(P ⊗ P̄ ⊗ P̄ )HvecJ

+ vec′JH(P ⊗ vecP̄ vec′P̄ + P̄ ⊗ vecPvec′P̄ + P̄ ⊗ vecP̄ vec′P )HvecJ

+ vec′J [P ⊗Km,m(P̄ ⊗ P̄ ) + P̄ ⊗Km,m(P ⊗ P̄ )]vecJ

+ vec′J [P̄ ⊗Km,m(P̄ ⊗ P ) + Km,m(P ⊗ P̄ )⊗ P̄ ]vecJ

+ vec′J [Km,m(P̄ ⊗ P̄ )⊗ P̄ + Km,m(P̄ ⊗ P̄ )⊗ P ]vecJ

+ vec′JKm,m2{[P ⊗Km,m(P̄ ⊗ P̄ )] + [P̄ ⊗Km,m(P ⊗ P̄ )]

+ [P̄ ⊗Km,m(P̄ ⊗ P )]}Km2,mvecJ.

(A.54)

Using

Kp,qvecA = vec(A′),

A⊗B = Kp,r(B ⊗A)Ks,q,

for A : p× q and B : r × s where K is the commutation matrix, the following equations are obtained:

Km,m2vecJ1 = 2(G′B−1 ⊗G′HG⊗G′H)vec(D′), (A.55)

Km,m2vecJ2 = [G′H⊗ (G′B−1G− Im)⊗G′H]vec(D′), (A.56)

Km,m2vecJ3 = −(G′H⊗G′HG⊗G′H)vec(D′); (A.57)

Km2,mvecJ1 = 2(G′H⊗G′B−1 ⊗G′HG)Kp2,mvecD, (A.58)

Km2,mvecJ2 = [G′H⊗G′H⊗ (G′B−1G− Im)]Kp2,mvecD, (A.59)

Km2,mvecJ3 = −(G′H⊗G′H⊗G′HG)Kp2,mvecD. (A.60)
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Then, substituting (A.55)-(A.60) into (A.54), and using

vec(ABC) = (C ′ ⊗A)vecB,

(A⊗B)′ = A′ ⊗B′,

(A⊗ C)(B ⊗D) = (AB)⊗ (CD),

together with (A.43) and (A.44) yield

b1 = 0. (A.61)

Combining (A.53), (A.61) and the proof of Theorem 2.4 in Phillips and Park (1988) gives Theorem 2.4 in the

current paper.

B Data Description

The earnings data used are drawn from the Panel Study of Income Dynamics (PSID), available at http :

//psidonline.isr.umich.edu/. The sample consists of men who were heads of household in every year from

1969 to 1974, who were between the ages of 21 (not inclusive) and 64 (not inclusive) in each year, and who

reported positive earnings in each year. Individuals with average hourly earnings greater than $100 or reported

annual hours greater than 4680 were excluded.

Some variables such as V7492, V7490, V0313, V0794, V7460, V7476, V7491 listed on p443 of Abowd and Card

(1989) are not available now on the PSID website. The variables for sex listed on that page are incorrect.

The following is the PSID variables used in the present paper:

ANNUAL EARNINGS: V1196, V1897, V2498, V3051, V3463, V3863;

ANNUAL HOURS: V1138, V1839, V2439, V3027, V3423, V3823;

SEX: ER32000;

AGE: ER30046.
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